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Abstrat
We investigate possible extensions of the (2+1) dimensional CPN−1 model to the nonommutative
spae. Up to the leading nontrivial order of 1/N , we prove that the model restrited to the left
fundamental representation of the gauge group is renormalizable and does not have dangerous infrared
divergenes. In ontrast, if the basi eld ϕ transforms in aord with the adjoint representation,
infrared singularities are present in the two point funtion of the auxiliary gauge eld and also in
the leading orretion to the self-energy of the ϕ eld. These infrared divergenes may produe
nonintegrable singularities leading at higher orders to a breakdown of the 1/N expansion. Gauge
invariane of the renormalization proedure is also disussed.
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I. INTRODUCTION
One of the main harateristis of eld theories dened in nonommutative spae is the
infrared/ultraviolet (IR/UV) mixing, whih, even in models without massless partiles, leads
to the appearane of infrared divergenes and, as a onsequene, to the breakdown of the
perturbative sheme in many renormalizable models (see [1℄ for reent reviews).
The presene of infrared divergenes in ordinary eld theory signals that one may be ex-
panding around a point of nonanalitiity of the exat solution. It may indiate the existene of
nonperturbative eets that an not be reahed by a power series expansion on the perturbative
oupling. In suh ase, two possible approahes are envisaged. One may try resummations to
rearrange the perturbative series to get a better behaved expansion. A diulty in this method
is the identiation of a parameter to ontrol dierent orders of the new series. Another possi-
ble proedure is to enlarge the theory with new interations, whih, hopefully, will anel the
IR divergenes leading to a new expansion without the mentioned singularities. For nonom-
mutative theories both methods have been onsidered in the literature [2, 3, 4, 5, 6, 7, 8℄. In
fat, it has been argued that the resummation may be eiently ontrolled by the Wilsonian
renormalization group, a la Polhinski [9℄. On the other side, it has been shown that there
exists a speial lass of theories, namely supersymmetri models, whih are natural andi-
dates to be onsistent on nonommutative spae, at least as far renormalization is onerned.
This has been proved to be orret for the nonommutative versions of the four dimensional
Wess-Zumino model [4, 5℄ and the three dimensional nonlinear sigma model [6℄ to all orders
and also, at least up to one-loop order, for some supersymmetri gauge models [7, 8℄. How-
ever, nonommutative theories are so subtle and unusual that detailed investigations even in
nonsupersymmetri theories are still in order.
Proeeding with the aforementioned investigations here we will study the nonommutative
CPN−1 model. In this model loal gauge invariane is attained through a omposite eld
that, at least lassially, is not dynamial. This simplifying aspet makes the model a good
laboratory for the investigation of general properties of gauge elds in nonommutative spae.
The introdution of a gauge symmetry in nonommutative spae produes a very rih struture
in the sense that, even for the U(1) gauge group, there are three alternative ways in whih the
basi matter eld ould transform.
We begin our study by onsidering here the pure CPN−1 model, i. e., without fermioni
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matter elds. As it happens with its real O(N) symmetri ounterpart, the nonlinear sigma
model, only in two dimensions the ommutative version of the model is perturbatively renor-
malizable. However, both in two and three spae-time dimensions it is 1/N expandable [10, 11℄.
Dynamial generation of gauge degrees of freedom and onnement are interesting aspets of
the 1/N expansion of the two dimensional model [10℄. When oupled to fermions either min-
imally or in a supersymmetri fashion the quanta of the basi eld ϕ are liberated and exat
S matries are found [12℄.
The three dimensional model also possesses some interesting properties. Its 1/N expansion
presents phases in whih the basi elds are either massive or massless [11℄. In partiular, if a
Chern-Simons term is added [13, 14, 15℄ one nds radiative orretions to the topologial mass
at the next to leading order of 1/N [13℄. In this study we will work in the unbroken phase
(massive ϕ) of the 2+1 dimensional model.
In the nonommutative CPN−1 model, beause of the underlying nonommutativity, we
may onsider the basi eld as belonging alternatively to a fundamental (left or right) or
to the adjoint representation of the gauge group. We present a detailed disussion of the
renormalization of the model in the fundamental representation up to the next to leading order
of 1/N . The model turns out to be renormalizable but the existene of planar and nonplanar
graphs with distint UV behaviors unveils some interesting features. In partiular, some graphs
in the ommutative ase, as a onsequene of harge onjugation do not ontribute. However,
these graphs in the nonommutative setting, where harge onjugation no longer holds [16℄,
produes non null results. In spite of that, at least up to the leading nontrivial order of 1/N ,
the model turns out to be renormalizable and free of dangerous infrared divergenes [17℄.
In ontradistintion to the left fundamental representation, the adjoint representation, al-
ready at leading order, presents infrared singularities. The impliations of these singularities
are twofold. On one hand, those divergenes that our in the gauge setor suggest the existene
of strong long range fores. Besides that, in the ϕ eld self-energy orretions there are also
quadrati infrared divergenes whih at higher order will destroy the 1/N expansion. It ould
be argued that, similarly to nonommutative QED4 [18℄, this behavior may be ameliorated by
the inlusion of fermioni elds. This will be the subjet of a subsequent paper where we will
disuss the dynamial generation of a Chern-Simons term. The elimination of the (dangerous)
IR/UV mixing in a supersymmetri extension of the model will be also investigated.
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This work is organized as follows. In Se. II the possible representations for the nonom-
mutative CPN−1 model are presented. In Se. III we investigate the leading ontributions to
the ase in whih the basi eld belongs to the left fundamental representation and proeed
a detailed examination of both the UV and IR divergenes up to the next to leading order of
1/N . Dimensional regularization is used and we prove that the model is free from dangerous
divergenes (i. e., nonrenormalizable or nonintegrable IR divergenes are absent). In Se. IV
we analyze the behavior of the Green funtions when the basi elds belong to the adjoint
representation. In this situation we expliitly verify the presene of IR/UV mixing whih jeop-
ardizes the onsisteny of the model. In Se. V we present some onluding remarks. In the
Appendix we disuss some additional properties of the model.
II. THE NONCOMMUTATIVE CP
N−1
MODEL
The ommutative CP
N−1
model is speied by the Lagrangian density
L = (Dµϕ)†Dµϕ−m2ϕ†ϕ+ λ
(
ϕ†ϕ− N
g
)
, (1)
where ϕi, i = 1, . . . , N , are omplex salar elds, Dµϕ ≡ (∂µ + iAµ)ϕ is the ovariant
derivative of ϕ and Aµ an auxiliary gauge eld (lassially it is just a onvenient notation
for the omposite eld
g
N
(ϕ†
↔
∂µ ϕ)); λ is the Lagrange multiplier eld enforing the onstraint
ϕ†ϕ = N/g. Beause of this onstraint, the presene of the mass term is lassially not relevant.
At the quantum level, m will be identied with the physial mass for the quanta of the ϕ eld
insofar one enfores zero vauum expetation value for the λ eld. The disussion of this fat
is entirely analogous to the one in the O(N) nonlinear sigma model and will not be pursued
here [6℄. The nonommutative versions of the model are obtained by replaing the ordinary
pointwise produt by the Moyal produt [19, 20℄ whih is assoiative and satises [21℄
φ1(x) ∗ φ2(x) = lim
y→x
e
i
2
Θµν ∂
∂yµ
∂
∂xν φ1(y)φ2(x), (2)
where the onstant and antisymmetri matrix Θµν gives a measure of the nonommutativity
strength. To evade possible unitarity and/or ausality problems [22℄ we will keep Θ0i = 0 (see
also Ref. [23℄).
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As the Moyal ordered produt is nonommutative, we shall investigate three possible rep-
resentations for the matter eld:
1. Left representation:
ϕ → (eiΛ)∗ ∗ ϕ, (3)
ϕ† → ϕ† ∗ (e−iΛ)∗, (4)
where Λ is the gauge transformation funtion and
(eiΛ)∗ ≡ 1 + iΛ + i
2
2
Λ ∗ Λ + . . . (5)
2. Right representation:
ϕ → ϕ ∗ (e−iΛ)∗, (6)
ϕ† → (eiΛ)∗ ∗ ϕ†. (7)
3. Adjoint representation:
ϕ → (eiΛ)∗ ∗ ϕ ∗ (e−iΛ)∗, (8)
ϕ† → (eiΛ)∗ ∗ ϕ† ∗ (e−iΛ)∗. (9)
To keep the ation unhanged under these transformations, the usual derivatives are replaed
by ovariant derivatives dened as
Dµϕ = ∂µϕ+ iAµ ∗ ϕ left representation, (10)
Dµϕ = ∂µϕ− iϕ ∗ Aµ right representation, and (11)
Dµϕ = ∂µϕ+ iAµ ∗ ϕ− iϕ ∗ Aµ adjoint representation. (12)
In all three above representations, the gauge eld transforms as
Aµ → (eiΛ)∗ ∗ Aµ ∗ (e−iΛ)∗ + i[∂µ(eiΛ)∗] ∗ (e−iΛ)∗. (13)
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For sake of simpliity, we shall restrit our analysis to the left and adjoint representations,
as the analysis for right and left representations are very similar. In the left representation the
part of the Lagrangian ontaining the auxiliary eld λ must be written either as
λ ∗ (ϕ† ∗ ϕ− N
g
), (14)
if λ does not hange or
λ ∗ (ϕ ∗ ϕ† − N
g
), (15)
if λ hanges aording to the adjoint representation.
If ϕ belongs to the adjoint representation then λ also belongs to this representation and the
onstraint part of the Lagrangian should be of the form
λ ∗ (aϕ† ∗ ϕ+ bϕ ∗ ϕ† − N
g
), (16)
where a and b are free parameters. In what follows, no matter what representation for the ϕ
eld is adopted, we always assume that λ belongs to the adjoint representation. As shall be
lear in the next setion, a great advantage of this assignment is the independene of the λ and
Aµ elds in the fundamental representation (at the leading order of 1/N). With this hoie,
the nonommutative ation for the CPN−1 model in the left representation reads
L = (Dµϕ)† ∗Dµϕ−m2ϕ† ∗ ϕ+ λ ∗ (ϕ ∗ ϕ† − N
g
). (17)
As we will do shortly, to omplete this Lagrangian we shall add to it a gauge xing and
Faddeev-Popov terms.
III. THE NONCOMMUTATIVE CPN−1 MODEL IN THE LEFT REPRESENTATION
For the left fundamental representation our graphial notation presribes the following Feyn-
man rules:
∆ϕ(p) =
i
p2 −m2 + i0 , (18)
for the ϕ propagator and
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iAα(ϕ∂αϕ
† − ∂αϕϕ†) vertex ↔ −i(2k + p)αe−ik∧p (19)
AµAνϕϕ
†
vertex ↔ 2igµνe−ik1∧k2 cos(p1 ∧ p2) (20)
λϕϕ† vertex ↔ ie−ik∧p (21)
for the verties (see Fig. 1), where a ∧ b ≡ 1
2
aµbνΘµν . Exept for some graphs ontaining the
quadrilinear vertex (20), in the left representation, new features assoiated with the nonom-
mutativity are present only for graphs with more than two verties. This fat depends ruially
on our hoie for the λ eld as belonging to the adjoint representation, whih xes the sign
of the phase in (21). In partiular, the leading 1/N ontribution for the mixed propagator
< TλAµ > is the same as in ommutative situation and therefore vanishes, due to Lorentz
ovariane.
Contrarily to the O(N) nonlinear sigma model, we will demonstrate that it is possible to
onstrut a renormalizable model without nonintegrable IR/UV mixing. Atually, we have:
a. λ eld propagator: ∆λ(p) = −1/Fλ(p) where (see Fig. 2a)
Fλ(p) = N
∫
d3k
(2π)3
1
(k + p)2 −m2
1
k2 −m2 ≈
iN
8
√
−p2 (1−
4m
π
1√
−p2 ), (22)
and the expression in the right orresponds to the large spaelike p behavior of Fλ(p); as
shown in the Appendix, for the analysis of the renormalization of the theory only the leading
1/
√
−p2 is relevant. It should be remarked also that the above propagator does not have poles
and therefore does not have a partile ontent.
b. Gauge eld two point proper funtion (Fig. 2b):
Fµν(p) = N
∫
d3k
(2π)3
{
(2k + p)µ(2k + p)ν
[(k + p)2 −m2](k2 −m2) −
2gµν
k2 −m2
}
, (23)
whih turns out to be nite if a gauge invariant regularization is adopted. Indeed, using
dimensional regularization, we obtain
Fµν(p) = −iN
8π
(gµν − pµpν
p2
)p2F (p), (24)
where F (p) =
∫ 1
0
dx (1−2x)
2
[m2−p2x(1−x)]1/2
. Dierently from the λ eld, the gauge eld has a partile
interpretation. Indeed, F (0) = 1/(3m) so that for small momenta Aµ behaves as a Maxwell
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eld of intensity
1
2
√
N
3πm
times the usual one. For large spaelike momenta
Fµν(p) ≈ iN
8π
(gµν − pµpν
p2
)(
π
2
√
−p2 − 2m). (25)
To get the propagator from (24) it is neessary to x the gauge. We hoose to work in the
Landau gauge by adding to the Lagrangian (17) the term
−N
2α
(∂µA
µ) ∗ (∂νAν) +N∂µC ∗ [∂µC + i(C ∗ Aµ − Aµ ∗ C)] (26)
and letting α→ 0 after the alulation. Notie the presene of the Faddeev-Popov ghost term,
whih due to the non Abelian harater of the Moyal produt does not deouple (the ghost
elds will not show up in our leading order alulations but will be relevant in higher orders).
It is now straightforward to verify that the gauge eld propagator is given by
∆µν(p) = −8πi
N
(gµν − pµpν
p2
)
1
p2F (p)
≈ 16i
N
(gµν − pµpν
p2
)(
1√
−p2 −
4m
πp2
). (27)
As a last remark on the Feynman rules notie that, as in the ommutative theory, any graph
ontaining the diagrams of Fig. 2 as subgraphs must be omitted sine those (sub) graphs were
already onsidered (to onstrut the propagators for the Aµ and λ elds).
With these results at hand, we determine the ultraviolet degree of superial divergene for
a generi graph γ as being
d(γ) = 3−NA − 2Nλ − Nϕ
2
− NC
2
. (28)
where NA, Nϕ, Nλ and NC are the number of the external lines assoiated to the gauge, ϕ,
λ and ghost elds, respetively. Renormalization parts are those graphs having d(γ) ≥ 0; in
a nonommutative theory they our only for planar (sub) graphs. Some of the ultraviolet
divergenes, assoiated with the planar graphs, may be absorbed by reparametrizations. As
usual, we dene the renormalized quantities by the replaements
Aµ → Z1/2A Aµ = (1 + a)Aµ, (29)
ϕ → Z1/2ϕ ϕ = (1 + b)1/2ϕ, (30)
λ → Z1/2λ λ = (1 + c)λ, (31)
1/g → Zg/g = (1 + d)/g, (32)
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so that the Lagrangian (17) written in terms of the new elds hanges as L → L+ Lct, where
the ounterterm Lagrangian is given by
Lct = b ∂µϕ† ∗ ∂µϕ−m2b ϕ†ϕ+ iB(∂µϕ† ∗Aµ ∗ ϕ− ϕ† ∗Aµ ∗ ∂µϕ)
+Cϕ† ∗ Aµ ∗Aµ ∗ ϕ+Dλ ∗ ϕ ∗ ϕ† − FN λ
g
, (33)
where we introdued
B = (1 + a)(1 + b)− 1, (34)
C = (1 + a)2(1 + b)− 1, (35)
D = (1 + c)(1 + b)− 1, (36)
F = (1 + c)(1 + d)− 1. (37)
These ounterterms may be used to enfore m as the physial mass of the ϕ eld, to ensure
the elimination of the remaining divergenes of the two point funtion of the ϕ eld and of the
three point funtion < TAµϕ
†ϕ >.
The analysis of the UV divergenes is muh failitated by the help of the graphial identities
[11℄ depited in Fig. 3. Due to the independene of the auxiliary eld propagators on the
nonommutative parameter, these identities are valid also in the present situation. It should
be observed that, as the λ eld has no partile ontent, the identities may be used even if
we restrit ourselves to the one partile irreduible graphs, i. e., to graphs whih an not be
separated into disjoint piees by utting just one line, wavy or ontinuous. Before going any
further we would like to stress some important onsequenes of these identities. As in the
ommutative ase, the identity of Fig. 3a implies that the ϕ mass ounterterm is innouous
sine it anels in all ontributions to the Green funtions. This will be expliitly veried in our
disussion of the renormalization of the two point funtion of the ϕ eld. Another impliation
of the graphial identity is that the Dλϕ†ϕ ounterterm is also innouous if we onsider Green
funtions of the ϕ and Aµ elds only (no external λ lines); in that ase D may be hosen at will
and the wave funtion renormalization for the λ eld is therefore irrelevant. In our approah
the λ eld tadpole ontributions will not be onsidered separately but just in onnetion with
the omputation of the two point Green funtion of the ϕ eld.
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An important impliation of the identity of Fig. 3b is that, exept for the seond diagram
of Fig. 2b, all ontributions ontaining the quadrilinear vertex will anel pairwise; they need
not be onsidered anymore.
We also need to onsider those divergenes whih do not have a orresponding ounterterm.
They may have Nλ equal to either 0 or 1 . ForNλ = 1, the dangerous divergenes are assoiated
with graphs with Nϕ = 0 and NA = 1. As mentioned earlier, this last possibility does not
happen if a Lorentz ovariant regularization is employed.
For Nλ = 0 there are more possibilities:
1. Graphs with NA = 0 and Nϕ equal to either 4 or 6,
2. Graphs with NA = 1 and Nϕ = 4,
3. Graphs with NA = 2 and Nϕ = 0,
4. Graphs with NA = 3 and Nϕ = 0.
Besides the UV behavior, in all ases we need to investigate the possible presene of infrared
divergenes (UV/IR mixing).
We fous rst on the proesses whose orresponding ounterterms are orrelated by gauge
invariane, namely, orretions for the ϕ propagator, the three point < TAµϕϕ
† > and the
four point < TAµA
µϕ†ϕ > funtions. We have:
1. The subleading ontributions to the self-energy of the ϕ eld, Γ(p), are shown in Figs.
4 and 5. They are purely planar and their (ultraviolet) divergenes should be absorbed into
a mass and wave funtion ounterterms for the ϕ eld. The mass ounterterm is assoiated
to the highest (quadrati) divergene gotten by setting zero the external momentum of the
ontributing graphs. As an be easily heked, these divergenes anel between Figs. 4a and
4b, due to the graphial identity of Fig. 3a.
The ontributions for the wave funtion renormalization of the ϕ eld ome from Figs. 5a
and 5b. Using dimensional regularization, a straightforward alulation furnishes the following
results
Σ(a)ϕ (p) = −i
∫
dDk
(2π)D
(k + 2p)µ(k + 2p)ν
(k + p)2 −m2 ∆
µν(k) = −i 1
N
64p2
3π2ǫ
+ nite terms (38)
Σ(b)ϕ (p) = −i
∫
dDk
(2π)D
1
(k + p)2 −m2∆λ(k) = Cb + i
1
N
4p2
3π2ǫ
+ nite terms, (39)
where ǫ = D−3 and Cb is a quadratially divergent onstant that would ontribute to the mass
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renormalization of the ϕ eld; as mentioned the mass renormalization terms anel. Diagram
5, on the other hand, anels between Figs. 4a and 4b due to Fig. 3b. The divergent parts are
therefore eliminated by the ounterterm
1
N
20
π2ǫ
∂µϕ
†∂µϕ whih xes the divergent part of b as
being bdiv =
1
N
20
π2ǫ
. The overall divergenes assoiated with the tadpole in Fig. 4b are absorbed
in the ounterterm in Fig. 4d. We also assume that F possesses a nite part whih enfores
m as the physial mass, i. e., by adjusting F and b we impose the following normalization
onditions
Γ(p) = 0 for p2 = m2 and (40)
∂Γ
∂p2
= 0 for p2 = m2. (41)
2. Three point funtion of the Aµ and ϕ elds, i. e., < TAµϕ
†ϕ >. Beause of our previous
remark on the anellation of diagrams ontaining the quadrilinear vertex AµA
µϕ†ϕ, we have
to analyze only those diagrams without this vertex, i. e., those whih are depited in Figs. 6
and 7. In Fig. 7 there are two one-loop diagrams and eight two-loop diagrams. Notie that the
last four two-loop diagrams dier from the rst four two-loop ones just by the orientation of the
harge ow in the upper bosoni loop. In the ommutative situation, graphs whih dier just by
the orientation of the harge ow are related by harge onjugation and Furry's theorem states
that they either give equal ontributions or anel between themselves. Here however harge
onjugation is lost and Furry's theorem is no longer valid so that the ontributions should be
individually analyzed. In the onstrution of the diagrams impliit in Fig. 6b it is important
to notie that any planar ontribution is automatially overall ultraviolet nite. Indeed, these
planar diagrams have zero degree of superial divergene but, beause of Lorentz ovariane
they are proportional to pµ what lowers the efetive degree of divergene by one unit. On the
other hand, as we will show, the nonplanar ontributions in Fig. 6b are used to anel infrared
divergenes in the nonplanar diagrams of Fig. 7.
The rst two diagrams shown in Fig. 7 are purely nonplanar and therefore are ultravi-
olet nite but ould originate nonintegrable (linear) IR divergenes. In fat, beause of the
transversality of the ∆ρσ propagator, the graph 7a is nite being given by
∫
d3k
(2π)3
e
−i(2k∧p−p∧p1)
[2(k + p1) + p]µ [2(p1 + p)]ρ 2p1σ
[(k + p1)2 −m2] [(k + p1 + p)2 −m2]∆
ρσ(k). (42)
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Due to the asymptoti behavior of ∆ρσ(k), this integral is nite even when the phase fator is
absent so that the result is free from IR singularities. Graph 7b, on the other hand, is linearly
divergent at p = 0. To see how this divergene is aneled we write its amplitude as
∫
d3k
(2π)3
e
−i(2k∧p−p∧p1)Iµ(k, p, p1) =
∫
d3k
(2π)3
e
−i(2k∧p−p∧p1)[Iµ(k, 0, 0) +Rµ(k, p, p1)], (43)
where
Iµ(k, p, p1) =
[2(k + p1) + p]µ
[(k + p1)2 −m2] [(k + p1 + p)2 −m2]∆λ(k) (44)
and Rµ(k, p, p1) presents at most logarithmi divergenes. Expliitly,
∫
d3k
(2π)3
e
−i(2k∧p−p∧p1) Iµ(k, 0, 0) = Const.
p˜µ
p˜2
e
ip∧p1, (45)
where we introdued a simplied notation p˜µ = Θµνpν . Now, among the diagrams impliit
in Fig. 6b we onsider the diagram of Fig. 8a whih may be obtained from the graph 7b by
joining its ϕ external lines at a new λϕϕ† vertex and attahing the external lines to a seond
λϕϕ† vertex linked to the rst one by the λ propagator. The amplitude for this graph reads
Jµ(p, p1) = ∆λ(p)
∫
d3k
(2π)3
d3q
(2π)3
e
−i(2k∧p−p∧p1)Iµ(k, p, q)
i2
(q2 −m2) [(q + p)2 −m2] . (46)
Expanding Iµ(k, p, q) around p = q = 0 as before and using (22) we get
Jµ(p, p1) = −Const. p˜µ
p˜2
e
ip∧p1
+
∫
d3k
(2π)3
d3q
(2π)3
e
−i(2k∧p−p∧p1)Rµ(k, p, q)
i2
(q2 −m2) [(q + p)2 −m2]∆λ(p), (47)
where the seond term has at most logarithmi IR divergenes. Thus, adding the two ontri-
butions, no dangerous IR divergene survives. This anellation is just a manifestation of the
identity expressed in Fig. 3a. Being nonplanar diagrams 7a and 7b do not present ultraviolet
divergenes either. This is an interesting point sine in the renormalization of ommutative
QED model the ontribution of the diagram 7a is important to seure the gauge invariane of
the perturbative method. The above proedure an be generalized for any linearly IR divergent
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graph. From any nonplanar graph γ we may onstrut a new diagram γ¯ by joining two external
ϕ lines of γ in a new trilinear vertex λϕϕ†. This new diagram ontains γ as a subgraph so that
it presents the same IR divergene as γ. The divergene in γ¯ may be extrated by a simple
Taylor expansion as we did in the above alulation. Summing the analytial expressions for
γ and γ¯ it remains only a mild logarithmi IR divergene.
The next set of graphs shown in Fig. 7 onsist of four planar diagrams, Figs. 7(-f). As
those graphs have two loops they may have one-loop divergent subgraphs. Here, however,
we are onerned only with the overall divergene postponing the analysis of the divergenes
of the subgraphs to a later disussion (see Appendix). Graph 7 is atually nite sine due
to the transversality of the gauge eld propagator the external verties in the lower line an
not depend on the loop momentum ontaining the two wavy lines. In the sequel we list the
divergent ontributions arising from the diagrams 7(d-f):
a. Graph 7d
Γ
(1,2)
µ(d) = −i4Ne−ip1∧p
∫
dDk
(2π)D
dDq
(2π)D
(2q + p)µqβp1α∆
αβ(k)∆λ(k − p)
[(k + p1)2 −m2][(k + q)2 −m2](q2 −m2)[(q + p)2 −m2]
= i(p1)µe
−ip1∧p
16
3Nπ2
1
ǫ
+ nite terms. (48)
b. Graph 7e
Γ
(1,2)
µ(e) = −iNe−ip1∧p
∫
dDk
(2π)D
dDq
(2π)D
(2q + p)µ(k + 2q + 2p)β(k + 2p+ 2p1)α
[(k + p+ p1)2 −m2][(k + q + p)2 −m2]
× ∆
αβ(k)∆λ(k + p)
(q2 −m2)[(q + p)2 −m2]
= i(p1 + p)µe
−ip1∧p
16
3Nπ2
1
ǫ
+ nite terms. (49)
. Graph 7f
Γ
(1,2)
µ(f) = −iNe−ip1∧p
∫
dDk
(2π)D
dDq
(2π)D
(2q + p)µ∆λ(k)∆λ(k − p)
[(k + p1)2 −m2][(k + q)2 −m2]
× 1
(q2 −m2)[(q + p)2 −m2]
= −i(2p1 + p)µe−ip1∧p 2
3Nπ2
1
ǫ
+ nite terms. (50)
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So altogether we have
Γ
(1,2)
µ(d) + Γ
(1,2)
µ(e) + Γ
(1,2)
µ(f) = i(2p1 + p)µe
−ip1∧p
14
3Nπ2
1
ǫ
+ nite terms. (51)
The above divergene an be eliminated by the trilinear ounterterm
14i
3Nπ2ǫ
Aµ(ϕ∂µϕ
† −
∂µϕϕ
†), so that B = 14
3Nπ2ǫ
.
Let us now onsider the four nonplanar diagrams shown in 7(g-j). As we have outlined
in our disussion subsequent to Eq. (47), any infrared linear divergene an be eliminated
by adequately ombining the graphs. Nevertheless, in spei situations there are further
additional simpliations. Indeed, we have:
a. Graph 7g: Beause of our gauge hoie, there is no IR divergene assoiated to that
diagram.
b. Graphs 7(h-i): Again, due to our gauge hoie these diagrams may present only a mild
logarithmi IR divergene. This divergene is aneled by the orresponding diagrams impliit
in Fig. 6b.
. Graph 7j: The amplitude assoiated with this diagram is linearly divergent at zero
external momentum. Here we apply the aforementioned onstrution whih produes the
graph shown in Fig. 8b (this is another graph impliit in Fig. 6b). The leading IR divergenes
of these two diagrams anels as we proved earlier.
Our results an be used now to x the value of C as dened in the ounterterm Lagrangian
(33). In fat, as B = 14
3Nπ2ǫ
then a = B − bdiv = − 463Nπ2ǫ so that C = bdiv + 2a = − 323Nπ2ǫ . We
remark that the only possible ontributions of C would be for the next to leading orretions
to the Aµ propagator; due to the graphial identity in Fig. 3b a nonvanishing C does have
none eet up to the order we have been onsidering.
3. Four point funtion of the Aµ and ϕ elds, < TAµAνϕ
†ϕ >. There are not ultraviolet
divergenes beause a given graph is either nonplanar or one may nd a partner graph to
whih the graphial identity in Fig. 3a may be applied. In the last ase, the divergene in the
original graph and its partner anel pairwise. This is onsistent with the fat that for this
four point funtion no ounterterm is eetive; in fat, the absene of these divergenes may
be onsidered as a test for the onsisteny of the alulation.
Although the renormalized Lagrangian turned out to be gauge invariant both in ommu-
tative and in the nonommutative ases, the mehanism by whih this gauge invariane is
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ahieved is entirely dierent in the two situations. Thus, diagrams 7a and 7b whih are non-
planar are ultraviolet nite, ontrarily to the ommutative ase. On the other hand, in the
nonommutative setting Furry's theorem is not valid and so many graph anellations that
hold in the ommutative ase are now absent and new ontributions arise.
4. Five point funtion, < TAµϕ
†ϕϕ†ϕ >. The ontributing diagrams are at most logarith-
mially divergent. In the planar part this divergene an be get by alulating the regularized
amplitude at zero external momenta (after extrating the phase fators whih in this ase do
not depend on the internal momentum). Beause of Lorentz ovariane, it is lear that the
result of this omputation vanishes so that no ounterterm is needed. The possible IR diver-
gene ontained in the nonplanar diagrams of this type an be aneled using a onstrution
similar to the one desribed after Eq. (47).
5. Three point vertex funtion of the Aµ eld, < TAµAνAρ >. There are just two one-loop
graphs whih dier only by the orientation of the harge ow in the loop (eah loop onsists
of three bosoni lines). These diagrams are both planar and adding them one gets a fator
depending on the sine of the wedge produt of the two external momenta times an integral
whih is nite by symmetri integration.
6. Three point vertex funtion of the λ and ϕ elds, < Tλϕ†ϕ >. To order 1/N the
ontributing graphs are depited in Fig. 9. The one-loop graphs 9a and 9b are nonplanar
and therefore ultraviolet nite although in the infrared limit may present a mild logarithmi
divergene. The graph 9, on the ontrary, is planar and is ultraviolet logarithmially divergent.
It has an analyti expression given by
∫
d3k
(2π)3
d3q
(2π)3
e
−i(p1∧p)
[(k + p1)2 −m2][(k + p1 + p)2 −m2][(k − q)2 −m2]
1
(q2 −m2)∆λ(q + p1)∆λ(q + p1 + p). (52)
Besides presenting an overall logarithmi divergene this integral has a divergent subintegral,
namely, the q integration (this divergene will be examined in the ontext of the four point
funtion of the ϕ eld, in the next item). The overall divergene an not be eliminated
through the use of the Dλϕϕ† ounterterm sine ontributions ontaining suh ounterterm
are aneled due to the identity of Fig. 3a. However, as exemplied in the Appendix, the
mentioned divergene is irrelevant as far the Green funtions with only external ϕ and Aµ
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elds are onerned.
The analyti expression for the graph 9d diers from (52) just by an additional fator e
−2iq∧p
and therefore is ultraviolet nite and has a mild logarithmi divergene when p tends to zero.
Notie that in the ommutative situation graphs 9 and 9d would give the same ontributions,
as a onsequene of harge onjugation invariane. There are other graphs, not shown in Fig.
9, whih dier from diagrams 9 and 9d just by the replaements, one at eah time, of the
internal dashed lines by wavy ones; beause of the transversality of the Aµ propagator these
additional graphs are ultraviolet nite and without infrared singularities.
7. Conerning the ontributions to the four point funtion < Tϕϕϕ†ϕ† > let us rst
examine the one-loop diagrams. One sees that there are two types to be onsidered as they
are depited in Fig. 10. Whereas the graphs in the rst row of Fig. 10 are ultraviolet linearly
divergent, the graphs in the seond row are nonplanar and therefore ultraviolet nites; they
do not need ounterterms. No ounterterm is also needed for the four graphs of the rst row
beause, as a onsequene of the graphial identity of Fig. 3a, there are two-loop graphs whih
anel the mentioned divergenes. For example, the highest (linear) divergene of the graph
10a is aneled by the one assoiated with the graph 11b. Graph 11b has a subgraph with
the same divergene as the graph 10a. If we ontrat this subgraph to a point and use the
identity of Fig. 3a we obtain the anellation of these divergenes. By a similar mehanism
the logarithimi divergenes whih are proportional to the external momenta of the graph are
also anelled. The omplete anellation of all ultraviolet divergenes an beome ompliate
as it is illustrated in the Appendix.
8. Six point funtion, < Tϕϕϕϕ†ϕ†ϕ† >. As before the divergenes of the planar diagrams
anel pairwise by the use of the identity in Fig. 3a whereas the nonplanar graphs ould at
most develop a logarithmi infrared singularity.
The above disussion proves that, up to the leading nontrivial order of 1/N , the nonomm-
mutive CPN−1 model is renormalizable and without dangerous infrared singularities if the ϕ
eld transforms in aord with the left fundamental representation.
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IV. THE NONCOMMUTATIVE CPN−1 MODEL IN THE ADJOINT REPRESENTA-
TION
Let us now onsider the leading 1/N ontributions when the basi elds transform in aord
with the adjoint representation. We will adopt the same graphial notation as in the previous
setion. However, we have new rules:
1. Trilinear Aµϕ
†ϕ vertex ↔ −2(2k + p)µ sin(k ∧ p).
2. Quadrilinear AµAνϕ†ϕ vertex ↔ −4igµν [sin(k1 ∧ p1) sin(k2 ∧ p2) + p1 ↔ p2].
Notie that these interations are absent in the ommutative limit.
Using these rules we x the two point funtion of the gauge eld as being
Fµν(p) = 4N
[∫
d3k
(2π)3
(2k + p)µ(2k + p)ν
(k2 −m2)[(k + p)2 −m2] sin
2(k ∧ p)
−2gµν
∫
d3k
(2π)3
1
k2 −m2 sin
2(k ∧ p)
]
. (53)
As sin2(k ∧ p) = 1
2
(1 − cos 2(k ∧ p)) we get a planar part whih is twie that of the gauge
eld two point funtion in the orresponding ommutative theory. Conerning the nonplanar
piee, we perform the standard proedures to obtain
F npµν (p) = −2N
∫ 1
0
dx
∫
d3k
(2π)3
eikp˜
[k2 −M2]2{4kµkν + pµpν(2x− 1)
2 − 2gµν [k2 + p2(x− 1)2 −m2]}
(54)
where M2 = m2 − p2x(1− x). Now, using [24℄,
∫
d3k
(2π)3
eikαp˜
α
[k2 −M2]2 =
i
(2π)3/2
√
4M
K−1/2[M
√
−p˜2]
(−p˜2)−1/4 =
i
8π
e−M
√
−p˜2
M
, (55)
whereKν is the modied Bessel funtion of order ν, one obtains the omplete two point funtion
of the gauge eld (for simpliity we are employing the same notation used for the ounterterms
in the previous setion; no onfusion should arise sine they refer to distint situations)
Fµν(p) = (gµνp
2 − pµpν)A + p˜µp˜νB + pµpνC, (56)
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where
A = −Ni
4π
∫ 1
0
dx[
1
M
(1− 2x)2(1− e−M
√
−p˜2)], (57)
B =
Ni
πp˜2
∫ 1
0
dx
(
1√
−p˜2 +M
)
e
−M
√
−p˜2, (58)
and a gauge xing term was added. Notie that this result possess an infrared singularity at
p˜ = 0.
Conerning the part of the Lagrangian whih depends on the auxiliary eld λ we should
reall that, as pointed out in (16), there is a two-parameter family of possible interation terms;
some simpliations our depending on whih form the interation is hosen. In partiular,
notie that:
1. If the interation term ontaining λ is taken as in the previous setion, the omputation
of the two point funtion of the λ eld gives the same result as before but, dierently from the
left representation, the mixed propagator < TλAµ > turns out to be nonvanishing. In fat, we
nd that at the leading order of 1/N the two point funtion of the λ and Aµ elds is given by
ΓAµ λ(p) = N
∫
d3k
(2π)3
(2k + p)µ
(k2 −m2)[(k + p)2 −m2]e
−i2k∧p. (59)
In ontrast with the ommutative model, the above expression does not vanish and yields
ΓAµ λ(p) = −
Np˜µ
4π
√
−p˜2
∫ 1
0
dxe−M
√
−p˜2 ≡ Dp˜µ. (60)
where D is a nonvanishing funtion of p˜2 and p2.
2. If the interation term is hosen to be as
λ ∗ (φ ∗ φ† − φ† ∗ φ), (61)
then, at the leading order of 1/N , the mixed propagator vanishes but the λ eld propagator
will have a nonplanar ontribution. In this ase the two point funtion of the λ eld will be
2Fλ(p) + Fnpλ(p) ≡ E(p), (62)
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where Fλ was given in (22) and the nonplanar part Fnpλ is
Fnpλ(p) = −iN
4π
∫ 1
0
dx
e−M
√
−p˜2
M
. (63)
As another onsequene of the hoie (61), the graphial identity of Fig. 3a is no longer
valid. There are muh more ontributing diagrams than in the left representation.
We are now in a position whih allows us to ompute the propagators for the Aµ and λ elds
at leading order of 1/N . To enompass the two situations listed above, we shall designate the
two point funtion of the auxiliary λ eld by E(p) with the understanding that for the ase 1
E(p) and D(p) are given by (22) and (60), respetively whereas for the ase 2 E(p) is given by
(62) and D(p) = 0. The propagators are then xed by the inverse of the matrix whih appears
in the quadrati part of the Lagrangian. A diret alulation then furnishes
Aµ propagator:
∆µν = (gµνp2 − pµpν) −1
(p2)2 A
+ b p˜µp˜ν − p
µpν
(p2)2C
, (64)
where
b =
−D2
[E(Ap2 +Bp˜2)−D2p˜2](Ap2 +Bp˜2) +
Bp2
p2A(Ap2 +Bp˜2)
. (65)
Mixed propagator:
∆ν(p) ≡< TAνλ >= dp˜ν, (66)
where
d =
D
E(Ap2 +Bp˜2)−D2p˜2 . (67)
λ propagator:
∆λ(p) = − 1
E
(1 + dDp˜2). (68)
At small momenta b ≃ 1
p2(−p˜2)3/2
and A ≃
√
−p˜2 in both situations disriminated above and
d ≃ 1/
√
−p˜2 for the ase 1. Thus, the transversal part of the Aµ eld propagator diverges badly
(as
1
p2(−p˜2)1/2
) at small momentum. In a loal model suh behavior would in a nonrelativisti
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limit be assoiated with a potential whih grows linearly with the distane from a harge probe.
Therefore the quanta of the ϕ eld would be onned. However, due to the nonloal harater
of the interation, there are at the verties momentum dependent form fators (sine fators)
whih smoothens the long-distane behavior of the potential.
Besides the aforementioned situation whih indiates the possible ourrene of dangerous
infrared singularities we would like to stress that, in fat, radiative orretions bring new
infrared divergenes whih at higher order lead to the breakdown of the 1/N expansion. The
ruial point of the alulation is provided by the orretions to the ϕ eld two point funtion
whose ontributions are again given by the graphs on the Figs. 4 and 5 (we may have other
diagrams ontaining the mixed propagator but these are nonplanar diagrams without IR or
UV divergenes). Let us rst examine those ontributions for the situation 1 listed above.
Unless for the graph 5b whih is still planar, now there are trigonometri fators that deserve
speial onsideration.
In the Landau gauge (C →∞), in whih we have hosen to work, the transversality property
of the gauge propagator produes a redution of the degree of divergene of graph 5a by two
units. Indeed the amplitude for the graph 5a turns out to be
∫
d3k
(2π)3
(2p+ k)µ (2p+ k)ν
(p+ k)2 −m2 ∆
µν(k) sin2(k ∧ p)
= 4pµpν
∫
d3k
(2π)3
1
(p+ k)2 −m2∆
µν(k) sin2(k ∧ p). (69)
The ultraviolet (logarithmi) divergene of this expression must be removed by an adequate
ounterterm; no infrared divergene appears beause the sine fators improve the behavior of
the integrand for small momenta. However, graph 5 has a leading ontribution whih, for
high loop momenta, behaves as
∫
d3k
(2π)3
cos(2k ∧ p) 1√
k2
(70)
and is quadratially divergent as p goes to zero. The multiple insertions of this graph into
a larger graph leads to nonintegrable singularities whih destroy the 1/N expansion. At this
point we may wonder if this result ould not be modied by another hoie for the trilinear
interation among the λ and ϕ elds. In fat, the hoie (61) as the interation part involving
20
the λ eld introdues a sine fator at the trilinear vertex as it already happens with the
AµA
νϕϕ† vertex. If this is done then diagram of Fig. 5b would have also a nonplanar part
whih asymptotially is similar to (70). However, the numerial fators do not math and no
anellation ould take plae.
V. CONCLUDING REMARKS
In this work we foused on the onstrution of a onsistent extension of the CPN−1 model
to the nonommutative spae. As we have seen, there are various possible extensions whih
depend on the way the elds transform under the gauge group. In all situations, we have hosen
the auxiliary eld λ as belonging to the adjoint representation. For the ϕ eld belonging to the
fundamental representation this presription automatially prevents the appearane of a mixed
< TλAµ > propagator. In fat the possibility envisaged in Eq. (14) leads to a nonvanishing
two-point proper funtion of the Aµ and λ elds given by
ΓAµ λ(p) = −N
∫
d3k
(2π)3
(2k + p)µ
(k2 −m2)[(k + p)2 −m2]e
−i2k∧p =
iNp˜µ
8π
√
−p˜2
∫ 1
0
dxe−M
√
−p˜2. (71)
For the ϕ eld belonging to the adjoint representation, the mixing of the λ and Aµ elds will
our unless if the onstraint Lagrangian is as in Eq. (61).
Up to the leading nontrivial order of 1/N , all dangerous IR divergenes were shown to
anel if the basi ϕ eld belongs to the left representation of the gauge group. We also proved
that the ultraviolet divergenes may be absorbed into ounterterms whih preserve the form
of the original Lagrangian. Therefore gauge invariane is maintained but this ours in a way
dierent from the ommutative ase. Indeed, in the ommutative setting all the ounterterms
oeients b, B and C dened in (33) are equal and the Aµ eld is not renormalized. In
the present situation, however, the Aµ eld gets renormalized and, although innouous, a
quadrilinear vertex AµA
νϕϕ† ounterterm ours.
An entirely dierent piture is found if the basi eld belongs to the adjoint representation.
First, the graphial identities harateristis of the ommutative model are no longer valid.
Nonplanarity ours already at the leading order of 1/N and the number of diagrams to be
analyzed inreases signiantly. Also, due to the presene of (Moyal) ommutators, the Aµ
eld formally deouples from the theory in the ommutative limit. However, in this limit the
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Green funtions are singular and the limit does not seem to exist (this is, of ourse, also true if
the ϕ eld is in the fundamental representation). Dangerous infrared divergenes our both
in the gauge setor and in the radiative orretions to the two point funtion of the ϕ eld.
Beause of the nonommutativity of the Moyal produt there is a two parameter family of
interation terms ontaining the auxiliary λ eld. However, for no hoie it is possible to anel
the divergenes. Atually, the existene of IR/UV mixing suggests that to ahieve onsisteny
further extensions of the model should be investigated. This issue is the objet of our next
study where the inlusion of fermioni matter elds will be investigated.
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Appendix A
In this Appendix we shall demonstrate some results onerning the ultraviolet behavior of
the nonommutative CPN−1 model when the basi ϕ eld belongs to the left fundamental
representation of the gauge group. They are:
a. The subleading ontributions to the λ and Aµ propagators, whih are expliit in (22) and
(25) are irrelevant as far as the ultraviolet divergenes are onerned. In fat, the only ase that
requires speial attention is the two point funtion of the ϕ eld whih beomes at most linearly
divergent if the subleading ontribution for the auxiliary elds is used. Atually, up the order
that we have onsidered it only ours in the diagram of Fig. 5b. Replaing this ontribution
in Figs. 4 and 5 one sees that the would be linear divergenes anel among themselves. The
next subdivergene whih is only logarithmi vanishes due to Lorentz ovariane.
b. Contributions ontaining the mass ounterterm anel pairwise. This result follows
straightforwardly from the graphial identity depited in Fig. 3a where the speial vertex
stands for the mass ounterterm insertion.
. Finally we will exemplify how the omplete anellation of ultraviolet divergenes takes
plae in the ase where several (sub) diagrams are involved, as in the three-loops diagram G
of Fig. 11. The ultraviolet divergent subgraphs of G are: γ1, γ2 and τ ; they also our as
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(sub)graphs of the diagrams γ¯1, γ¯2 and τ as shown in Fig. 11 (in spite of having dierent
number of loops they are of the same order in 1/N). These diagrams are all planar and have
the same nonommutative phase (exp i[p1∧p2−p1∧p3+ p2∧p3]) whih therefore fatorizes in
their sum. Notie that γ1 and γ2 are overlapping and that both ontain τ as a subgraph. In the
BPHZ sheme the relevant G-forests are 60, γ1, γ2, τ, {γ1, τ} and {γ2, τ}. The BPHZ subtrated
amplitude assoiated to the graph G is therefore
RG = IG − IG/γ1t0γ1Iγ1 − IG/γ2t0γ2Iγ2 − IG/τ t1τIτ + IG/γ1t0γ1Iγ1/τ t1τIτ + IG/γ2t0γ2Iγ2/τ t1τIτ , (A1)
where IG denotes the unsubtrated amplitude assoiated with the graph G; as it is usual, IG/γ
is the amplitude assoiated to the redued graph G/γ obtained by ontrating the subgraph γ
of G to a point. For a generi diagram γ, tγ is dened as the Taylor operator on the external
independent momenta of γ with the proviso that it does not at on the nonommutative phase
fator. Similarly, the BPHZ subtrated amplitudes for the graphs γ¯1, γ¯2 and τ are
Rγ¯1 = Iγ¯1 − Iγ¯1/γ1t0γ1Iγ1 − Iγ¯1/τ t1τIτ + Iγ¯1/γ1t0γ1Iγ1/τ t1τIτ , (A2)
Rγ¯2 = Iγ¯2 − Iγ¯2/γ2t0γ2Iγ2 − Iγ¯2/τ t1τIτ + Iγ¯2/γ2t0γ2Iγ2/τ t1τIτ (A3)
and
Rτ = Iτ − t1τIτ (A4)
Notiing now that, as onsequene of the graphial identity in Fig. 3a, IG/γ1 = IG/γ2 =
−Iγ¯1/γ1 = −Iγ¯2/γ2 and that IG/τ = −Iγ¯1/τ = −Iγ¯2/τ = trivial four vertex, we see that when
adding the above ontributions all the subtration terms anel. We stress that the anellation
ours for all subtrations inluding those assoiated to the last subtration for the linearly
divergent diagram τ (in this ase, to the redued vertex assoiated to the ontration of τ to
a point it is assigned a linear polynomial in the external momenta of τ). This proves that the
sum of the unsubtrated diagrams is nite.
If the harge ow in the upper and lower loops of Fig. 11 are in opposite diretions the
orresponding diagrams are nonplanar. They still have the same phase fator but it depends
on the loop momentum of the τ diagram. Individually they present a linear infrared divergene
23
whih nonetheless is anelled whenever they are added. This is most easily seen by fatorizing
the nonommutative phases and then Taylor expanding the remaining of the τ 's integrand up
to rst order in the independent external momenta of that graph.
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Figure 1: Interation verties assoiated to the Lagrangian (17). The propagators for the Aµ, λ and
ϕ elds are represented by wavy, dashed and ontinuous lines, respetively. For the omplex eld,
harge ows in the opposite diretion to the indiated.
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Figure 2: Diagrams ontributing to the proper funtions of the λ and Aµ elds.
+
b
= 0+ 0=
a
Figure 3: Graphial identities for the CPN−1 model.
26
(k )Σ
Γ ( p ) =
Σ ( )p
pp
+    +    +    
p p
i D  iFg
k
a b dc
Figure 4: Graphial struture of the ϕ eld two point funtion.The hahured bubble represents dia-
grams that are 1PI with respet to all elds.
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Figure 5: Subleading ontributions to the ϕ propagator.
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Figure 6: General struture of the three-point vertex funtion of the Aµ and ϕ elds.
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Figure 7: Three-point funtion of the Aµ and ϕ elds.
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Figure 9: Three-point funtion of the λ and ϕ elds.
29
p3
p2
p1
a b c d
p1 p3
p2
e f g h
Figure 10: Four-point funtion of the ϕ eld.
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Figure 11: Illustration of the mehanism for the omplete anellation of the UV divergenes in the
four point funtion of the ϕ eld. The rst graph (G) ontains γ1, γ2 and τ as subgraphs.
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